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The Exterior Tricomi and Frankl Problem®
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Abstract

F.G. Tricomi (1923— ), S. Gellerstedt (1935— ), F.l. Frankl (1845— ),
A.V, Bitsadze and M. A. Lavreatiev (1950— ), M. H. Protier (1855— ) and most
of the recent workers in the field of mixed type boundary value problems have
comsuderad only one parabolic line ol degeneracy. The problem with more (han
one parabolic line of &hg:nericy becomes more complicated. The above resear-
chers and many otherz have restricted their atiention to the Chaplygin equation,
K(y)eu +u,=f(x,y) and not considered the “generalized Chaplygin equation,*
Lu=K(y)-u,, +u, +r(x,y)-u=f(x,y) because of the difficulties that srise when
r; =non-trivial (£0), Also it is unusual for anyone to study such problems in 2
doubly connected region. In this paper | consder a casc of this type with two
parabolic lines of degeneracy, r: =non-~ trivial (39), in a doubly connected region,
and such that boubdary conditious aie prescribed oniy on Ul =exterior boundary”
of the mixed domain, and 1 obiau umyueness resuns for quasisegu'sr solutions of
the characieristic and non- charactersuc Problem by applying the 0, ¢ enurgy intey
ral method in the mixed domain,

The Exterior Tricomi Problem

Consider
(+) =K u, +u, +rx, y)u= f(x,y), KeCl(o), reC'(e), feCs),
and such that
K=K(y)>0 for y< 0 and y>|,
:=0 for y=0 and v- 1, and
1 <0 for 0<y<1.
Consider a mixed domuin D which is doubly connecied, contains the 1wo
parabolic arcs: A 8 , 4, B,, wilh ena points, A, =(-1.1), B =(1,1), A =(-1,
0)s By=(1,0). and huas boundary

* Recenod Feo. 12, 1088, This rescarch work was supported by the Foundations C. A, P, E. S,
(Coordenacav de Aperfeicoumento du Pessoal de Ensino Superior) and F. 1. N, E. P. (Finan:
cisdora de Estudos e Projews) and by the Institute of Mathemauwul Scviences of Suo Carles |,
University of Sao Paule,
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dD=Ext(D)  llnt(D),
Ex(D): exterior boundary of D. =I,I_l, J U U4,Ud,, and
Int(D) . interior boundary of D, =1, I, (4,\]4,,
with boundary curves:
I,: “elliptic arc” for y>| connecting points; A, 8,
1}’ . “elliptic arc” for y<( connecting points; A,, B,,
[, : characteristic for 0 <y <1, 0< x<1 emanating from point,
o, =(0,1):

: J’;dx=-j'i’/_-x-dy. or ﬂ;xr—fly,/i-x(!)'df,

I/, characteristic for 0<y< 1, 0<x<| emanating from point.
0,= (0,0):

: jo’dnjn”l-x-dy, or r,’:x=fo" K (1) -dr,

characteristic for 0 <y<1,0<x<| emanating from point;
B, =(1,1):

: L‘dx:_r:/-l(-dy i or F,,x=L’}—K(r) -dr+1,

r; . characteristic for 0 <y<1, 0<x<| emanalting from paoint.
Bz =( l, 0):

i L‘d;: -L’/_x.dy, or r;=x=_Jn’./-K(r)-d:+1,

characteristic for 0<< y<1, - 1<x<( emanating from point;
A; =(-1,1)

: _r_:dx: —L’JTI—(—-dy. or A= -L’I-K(;) dr-1,

Z., : characteristic for 0<<y<l, -1<x<(0 emanating from point:
A: - ( = 1,0):

: I—’idx=-,'°’{_]{'-dy, or [_\.l':x:-’-o)'r——'_x“).dr_l'

4, characteristic for 0< y<1, -1<x<0 emanating from point;
a| = (0. l)!

, jo‘duj‘l’/—‘-x-dy, or A,=x=jl’,f-x(r)-d:,

ZA; . characteristic for (< y<]1, -1<x<0 emanating from point:
0,=(0,0): '

; _[':dx=-j'u’,/—K-dy, or Ajrx=-["[-K(D -dr.

;|
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Besides,
D=G, JG,UG,UG,U(4, B,) J(A,B,),
Where
G, . upper elliptic region: = {(x, y)eD, [x|<1, ¥>1)
G, lower elliptic region; = {(x, y) D, |x|<1, y<0}
G,, right-hand side hyperbolic region; = {(x, y)eD, 0<x< 1,0 y<1)
G7: left-hand side hyperbolic region, = ((x, ) eD, -1<x<0,0<y<1)
with boundary
0G,; =I,|J(A,B), 3G,: = I3 | J(B,4,),
Gy =1, UL UM UG U (B0 UC0,By),
aG’zi =, uA; LJAz UA;U(OrAl ) U(Azaz)-
The above characteristic curves intersect at the following points;
LOL =P, 6LNG-P; for 0<y<1 and 0<x<1, and
AN =P, D, UN =P for 0<y< ] and -1<x<0,
Hesides, assume boundary conditions
u=¢,(s) on Iy, u=éys) on [,
(+4) u=p(x) on Iy, wu=¢,(x) on I
u=0,(x) on [\, u=p x) on A,
(i.e.: us =continuous prescribed values on Ext(D)):
The Exterior Tricomi Problem, or Problem (ET):
Consists in finding a function w=u(x, y) which satisfies equation (+) and
boundary conditions (+ +) . ]
A New Uniqueness Theorem
Assume the above- mentioned domain DCR?, and the conditions

(R r<0 on InuD)
xxdy-(y-1)-dx=0 on [}
(Rz)l i
xedy-p-dx>( on I,

“star- likedness”
2ertxer+(p-1),L0  in G

(R} rexer,<g in G,UG,
2-r+x-r+yr,<0 in G
(R K>0 in G, and K'<0 in G, .

Then Problem (ET) has at most one quasi-regular solution in the mixed do-
main D. .

Proof We apply the b, c-energy integral method (a=0 in D) and use (+ +) .

First, we assume u ,u,;two quasi-regular solutions satisfying equation (+)
and boundary conditions (+ +). Then claim that

u=u-u=0 in D,
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It is clear now that

P o)

Lu-K(y)eu, ~u, +nx yyu=0, and
C®%d u=0 on Ex(D).
It is enough to show that

U=u -u,=0 on Int(D),
Second, investigate

D =J=2-“'(b-.u,+r-u,)-ur-dxdy, :
where =

_ b=x, c=y-1 in G
(€)s b=x, c¢=0 in G,UG,

b=x, c=y in G: 3

Then consider the identities
Zeberoucuy=(borewd) - (ben i,
2-r:-r-u-u,=(c-r-u2),—~(r:-r)_,-uz.

Lo Keupu, = (b Koul), - b K eu?,

2ebripu, = (2bua) ~(bew)), 4 b2,
e Xetypup = (20 Koup ), ~ (e Koud) + (0 K),oul,
2ecob, = (e - cou?

Then employing above identities and applying Green's theorem we obtain,

] =J'=_rl[( ~(ber) o’ = (eon) oui- b Koule bl (e K)oul~cyouy)dxdy

* - 2- e z- - . 2. - - - - . 2.
+§w[b FrlTo ool ety 4 b Koty v +2-bo 0~ boud e p,

+2:c Keuuy v - cKeulooyvooudon) ds,
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d d .
where o= (2,,8,): =‘d_:' *—£—): outer unit normal vector on 4D,

Therefore
0= ‘Hi(b- 1+ (con Joutedxdy
o
8 2
+J;5[U b, K+ (e-K))oul+ (b, ~c,)-ul)edxdy +§wf(b-yl +copy)er)euteds
+§wt(\b-01 -CDD;)-KAMi*'Z'”?-D:'* 0 K'h)'“x'"y-.—( _b'”| +c-yz)-ll:] -ds

=l «l+d+J,
Claim that all integrals, /,,/,,J;, and J, are nm-negative,
First The integrals /,, I, are non-negative if the following two conditions
hold in 1:

(cy): (by+e)rtlber +cor) 0
A: =-b, K+ (e K), 22y
(€y);
B; =b,-c,=0,

Second The integrals J,, and J, are non negative if the follow:ng condi
tions hold on 3 D,

(cyl; (he,)-r>0 on Int(D),

(e, ) by +con, >0 or UL

(cy): bo,=0 on InyD).
Justification

Condition (c;); From [+ +] and (c) we get
2 bep yeryu’s
J, jtn!b)(( ?) r)-utds

Therefore, condition (c;) holds,
Conditions (c,) and (cy)

N . . - l ;
CE E'"'D"QI da +~[llvu.g’ dsy = J{" + I3,

where
Qi =Qluy, ), =(bp, -cony) K-ul+2-(hen, e Koo)uuy+( -b-pl+c-u,)-lt:,
Q= Quluyy )y = (b)) Kow) +2:(bemp i su + (= begy)-u!
are rwo quadratic forms with respect w v, u, on Ext(D) and Int(D), respecti-
vely. '
From [++] we get
u,=N-p, u=N-o,0n Ext(D),
where
N, =normalizing faclor.
Therefore,
Q,: =(bro,+covg) (Kool e oD NP
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But
K-4i+03>0 on UL, (as k>0 in G,UG\),
K-ol+vi=0 on Ext(D)\TI,Ul, (as Iy, T, /\,/\ are characteristics)
Therefore,
legllaxwﬁ =Q:|,r..,1r.‘>ﬂ
if (c,) holds. Therefore, J;' =0 if (¢,) holds,
Also JL¥' >0 if
Qe =Qsf 10 20.
But on Int(D),
(bes) K beo,

= - bh (Kol +0)): =0,
- bty 1 |ty

because
K-vi+42=0 on In(D) (as Iy, I},/\;,[0; are characteristics)
From (¢), lhereflere,
Q,>0 holds if
(bro;) K=0 and -b:5,=20 on Int(D),
or if condition (c,) holds (as (as K<0 in G,UG’;), and the justification is comp-
plete,
Reduction of Conditlans (c,) -(c,) (by using choices (c)):
Conditions (c;) and (c;) are reduced to condition
(R t<0 on lni(D),
because
xp,<0 on Int(D) .
Also condition (¢,) is reduced to condition;
(R, { xdy -(y-1)dx=20 on r",’
i xedy - y-dx=20 on (.
Besides, condition {(c|) is reduced to condition,

2ertxor, t(p=1)r, S0 in G

(R), . rexer <0 in G,UG,
2-r+x-r,+y-r’§0 in G .
Finally condition (c,) 1s reduced to condition: .
(R)y: . K'>0 in G, <0 in G.
because

K+ (K+(y-1-K)=(y-1:K">0 in G,
if K'>0 in G,
~b, K+ (c K),= -K>0 in G,
-K+(K+yK)=yK'>0 in G,
if K'<0 inG,



and b,-c,=(0 in G,UG,,and b,-¢c,=1in G,

Speclal case
(8): K =sgn(y-(y-1)+|y|%|y-1]"k(y) in D,

a, f>0, and
h=h(y) >0 for all y,
where :
1, y>1
sgn(y-(y-1): = { -1, 0<y<1
1, y<0

and ; =¢ for y=0 and y=1,

Therelore

K(») =y (- D"k >0, y>1.
K(y) = { K, -yt -n'ky)<o, 0<x<1
Ky = (-0 -0 k>0, y<0

and ; =( for y=0 and y=1,

Corollary

If K=K(y) is of the form (S) in D, if conditions (R,)—(R,) of Theorem
hold, and if

R=R(yra,B)=a+(y=1) +4-y)-h(p)+¥(y- 1)K (»)

is such that the following condition
(B), R>0 in G,, and R<Q in G,
holds, then Problem (ET) has at most one quasi-regular solution in the mixed
domain DCR®.

Remarks

1) It is clear then on the parabolic lines of degenemacy, y=1 and y=0,
’l_imR(ya a,f)=5-h(1)>0, fnd ;l»i-TRu' a, f)= -a-h(0) <0 hold, because g, >0

and A(y)>0 for all y in D,

2) ¥ r, =constant, then conditions (R,) and (R,) are replaced by only con-
dition (R)).

3) I

a=f=1, h=1
in (5), then - 2
K () =sgn(y(y-10|y[|y- 1] = p(y-D.

and condition (B) in Corollary or condition (R,) in Theorem is not neéded.

The Exterior Frankl Problem

Replace cnaracteristics I, Iy,2,/A} by smooth non-characteristics; ¢,, ¢},
4,,0, so that:
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(NC), H;:K-af+v:>0 on g,Jg&Jd,UJd{, and

1) & emanating from point B, lying inside the characteristic truncated tri
angle 0, P P,B, and intersecting [, at most once, This curve g, may conincide
with I, near point B,,

i1) g} emanating from point B, lying inside the characteristic truncated tri-
angle 0,B,P,P and intersecting I, at most once, This curve g; may coincide w
with I'; near point B,,

iii) 6, emanating from point A, lying inside the characteristic truncated triane
gle A, P/ PO, and intersecting /\, at most once, This curve 4, may coincide with
A, near point* A,, and

iv) ¢ emanating from point A4, lying inside the characteristic truncated tri-
angle 4,0,P,F and intersecting A\, at most once, This curve &] may coincide
with A near point 4, .

Besides assume boundary conditions

u=¢,(s) on I,, wu=¢4s) on I,
(F): =g, (x) on g,, w=g(x) on g}
u=y,(x) on 4,, u=y,(x) on 4
The new mixed domain D' is such that:
a0 = Exx(D)JIny(D'),
Ext(D') =T, \Ur, UNeh(D"), Int(D') =InyD),
NCh(DJ)=£;U:’1U¢5,Ud§= the non- chatacteristic part of D',

Resides,

D= G, UG UG, UG, L4, B,) Li(4,8,),
where

G(CGy: = {(x, M eD ,0<x<1,0<y< 1)

GHCGY: = ((x, » D, -1< x<K0, 0< y< 1)
with boundary

0G,; = I, UT) U, Ugy U(B,0,) U(0,B,),

86} =6,Ud7 UL UL, U0, 4,) U(4,0,) .

The above non-characteristic curves intersect as follows:

eNe=F, 6.N&=F,

The Exterior Frankl Problem, or Problem (EF)

Consists in finding a function w=u(x, y) which satisfies equation (+) and
boundary conditions (F) in the mixed domain D',

Then it is clear that a corresponding new uniqueness theorem and a corol-
lary hold in the new domain D’ under the same conditions as those of the abo-
ve proved theorem (and the corollary).

The only difference in statement is that we must change GIUG; with
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GJG, in (Ry)
(e)s (b.py)+ H=0 on Nch(D')
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